Abstract: Keeping in mind the importance and well growing Pythagorean fuzzy sets, in this paper, some novel operators for Pythagorean fuzzy sets and their properties are demonstrated. In this paper, we develop a comprehensive model to tackle decision-making problems where strong points of view are in the favour and against the some projects, entities or plans. Therefore, a new approach, based on Pythagorean fuzzy set models by means of Pythagorean fuzzy Dombi aggregation operators is proposed. An approach to deal with decision-making problems using Pythagorean Dombi averaging and Dombi geometric aggregation operators is established. This model has a stronger capability than existing averaging, geometric, Einstein, logarithmic averaging and logarithmic geometric aggregation operators for Pythagorean fuzzy information. Finally, the proposed method is demonstrated through an example of how the proposed method helps us and is effective in decision-making problems.
Introduction
This universe is loaded with qualms, imprecision and unclearness. In reality, the greater part of the ideas we encounter in daily life are more unclear than exact. Managing with qualm or uncertainty is a noteworthy issue in numerous territories-for example, economics, engineering, natural science, medicinal science and sociology. Recently, many authors have become keen on demonstrating unclearness. Traditional speculations like fuzzy sets [1] , intuitionistic fuzzy sets [2] , and Pythagorean fuzzy sets [3] are notable and assume vital jobs in demonstrating uncertainty.
Notion of fuzzy sets introduced by Zadeh [1] revolutionized not only mathematics and logic but also science and technology. It is a very nice tool to handle uncertainty. Here, some membership grade is assigned to an object of a fuzzy sets. In many situations in the real world, apart from the grade of membership, the grade of non-membership is also required. To handle such conditions, Atanassov in [2] initiates the notion of intuitionistic fuzzy sets (IFSs), which are a significant improvement on fuzzy sets. In IFSs, the sum of membership grade and non-membership grade of an object is always from the unit interval. However, the fascinating scenario emerges when the membership and non-membership of an object is given from the unit interval, but their sum exceeds. Ordinary IFSs fail to handle such situations. Therefore, a more comprehensive model is required for such situations.
Yager enquired about this scenario in [3, 4] and improved the concept of IFSs to Pythagorean fuzzy sets (PFSs), which could be considered as a generalization of IFSs. The main difference between IFSs Definition 1 ( [21, 22] ). A mapping T : Θ × Θ → Θ is said to be triangular-norm if, for each element, T satisfies that (1) T is commutative, monotonic and associative, (2) T (v * , 1) = v * , each v * ∈ T, where Θ = [0, 1] is the unit interval.
Definition 2 ([21,22] ). A mapping S : Θ × Θ → Θ is said to be triangular-conorm if, for each element, S satisfies that (1) S is commutative, monotonic and associative, (2) S (v * , 0) = v * , each v * ∈ S, where Θ = [0, 1] is the unit interval. 
Definition 3 ([2]
). Let us consider a universal set E. An intuitionistic fuzzy set R on a set E consists of two mappings, which are defined as: R = { P θ (ε) , N θ (ε) |ε ∈ E} , such that the mappings P θ : E → Θ and N θ : E → Θ represent the positive and negative grades ε ∈ E to the set R, and Θ = [0, 1] is the unit interval. Having the condition that 0 ≤ P θ (ε) + N θ (ε) ≤ 1, for all ε ∈ E, then R is said to be an intuitionistic fuzzy set in E.
Definition 4 ([3]
). Let us consider a universal set E. A Pythagorean fuzzy set C on a set E consists of two mappings which are defined as:
such that the mappings P θ : E → Θ and N θ : E → Θ represent the positive and negative grades ε ∈ E to the set C, and Θ = [0, 1] is the unit interval. Having the condition that 0 ≤ P 2 θ (ε) + N 2 θ (ε) ≤ 1, for all ε ∈ E, then C is said to be the Pythagorean fuzzy set in E.
is known to be a hesitancy degree of ε ∈ E to the set C.
Yager [3] proposed the basic operations of the Pythagorean fuzzy set as follows:
The union, intersection and compliment proposed as:
Definition 6 ([3]
). For any two PFNs, C 1 = P θ 1 (ε) , N θ 1 (ε) and C 2 = P θ 2 (ε) , N θ 2 (ε) in E and β ≥ 0.Then, the operations of PFNs are proposed as
Yager [3] introduced some properties of the operational laws of Pythagorean fuzzy sets are as follows:
Then, score and accuracy values are defined as
Garg [23, 27] proposed that Pythagorean fuzzy aggregation operators are as follows:
The structure of Pythagorean fuzzy weighted averaging (PFWA) operator is
where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0 and ∑ n p=1 β p = 1.
Definition 10 ([23]). For any collection of PFNs
.., n) in E. The structure of Pythagorean fuzzy order weighted averaging (PFOWA) operator is
where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0, ∑ n p=1 β p = 1 and pth biggest weighted value is
Definition 11 ([23] ). For any collection of PFNs,
.., n) in E. The structure of Pythagorean fuzzy hybrid weighted averaging (PFHWA) operator is
, where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0, ∑ n p=1 β p = 1 and pth biggest weighted value is
. In addition,
Definition 12 ([23]). For any collection of PFNs
The structure of Pythagorean fuzzy weighted geometric (PFWG) operator is
Definition 13 ([23]). For any collection of PFNs
The structure of Pythagorean fuzzy order weighted geometric (PFOWG) operator is
Definition 14 ([23]). For any collection of PFNs
The structure of Pythagorean fuzzy hybrid weighted geometric (PFHWG) operator is
. In addition, associated weights are ω = (ω 1 , ω 2 , ..., ω n ) with ω p ≥ 0, Σ n p=1 ω p = 1.
Definition 15 ([12]
). Suppose that (g, d) ∈ (0, 1) × (0, 1) are any real numbers with β ≥ 1. Then, Dombi norms are defined as
Example 1. Suppose that we take g = 0.7, d = 0.3 and β = 3. Then,
= 0.7005.
Pythagorean Fuzzy Dombi Operators
Now, we propose novel Pythagorean fuzzy Dombi basic operations based on Definition 6.
Definition 16. For any two PFNs
Then, the operations of PFNs based on Dombi operation are introduced as
Pythagorean Fuzzy Dombi Weighted Averaging Operators
Based on the defined Dombi operators for PFNs, we defined the following weighted averaging aggregation operators.
Definition 17. For any collection of PFNs
The structure of Pythagorean fuzzy Dombi weighted averaging (PFDWA) operator is
Theorem 2. For any collection of PFNs
Then, the structure of Pythagorean fuzzy Dombi weighted averaging (PFDWA) operator is defined using Dombi operations with
where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0 and ∑
Proof. Using mathematical induction to prove (3), we therefore proceed as: (a) For n = 2, since Thus, (3) is true for n = z + 1. Hence, it satisfies for all n. Therefore,
which completed the proof.
Properties: PFDWA operator that satisfies some properties are enlisted below:
(1) Idempotency: For any collection of PFNs,
.., n) are identical, which is,
(2) Boundedness: For any collection of PFNs,
(3) Monotonicity: For any collection of PFNs,
Definition 18. For any collection of PFNs
The structure of Pythagorean fuzzy Dombi order weighted averaging (PFDOWA) operator is
where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0 and ∑ n p=1 β p = 1 and pth biggest weighted value is
Theorem 3. For any collection of PFNs
Then, the structure of Pythagorean fuzzy Dombi order weighted averaging (PFDOWA) operator is defined using Dombi operations with σ > 0;
Proof. The procedure is similar to Theorem 2.
Properties: PFDOWA operator satisfies some properties are enlisted below;
Definition 19. For any collection of PFNs
The structure of Pythagorean fuzzy Dombi hybrid weighted averaging (PFDHWA) operator is
Theorem 4. For any collection of PFNs
.., n) in E. Then, the structure of Pythagorean fuzzy Dombi hybrid weighted averaging (PFDHWA) operator is defined using Dombi operations with σ > 0;
Properties: PFDHWA operator satisfies some properties that are enlisted below;
Pythagorean Fuzzy Dombi Weighted Geometric Operators
Based on the defined Dombi operators for PFNs, we defined the following weighted geometric aggregation operators.
Definition 20. For any collection of PFNs
The structure of Pythagorean fuzzy Dombi weighted geometric (PFDWG) operator is
Theorem 5. For any collection of PFNs
.., n) in E. Then, the structure of Pythagorean fuzzy Dombi weighted geometric (PFDWG) operator is defined using Dombi operations with σ > 0;
Proof. Using mathematical induction to prove (3), we therefore proceed as: (a) For n = 2, since
(c) Now, we prove that (3) is true for n = k + 1, which is PFDWG C 1 , C 2 , ...,
Thus, (5) is true for n = z + 1. Hence, it satisfies all n. Therefore,
Properties: PFDWG operator satisfies some properties are enlisted below;
Definition 21. For any collection of PFNs
The structure of Pythagorean fuzzy Dombi order weighted geometric (PFDOWG) operator is
where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0 and ∑ n p=1 β p = 1 and pth biggest weighted value is C θ ω(p) consequently by total order C θ ω (1) 1, 2, . .., n) in E. Then, the structure of Pythagorean fuzzy Dombi order weighted geometric (PFDOWG) operator is defined using Dombi operations with σ > 0;
Theorem 6. For any collection of PFNs
where β p (p = 1, 2, ..., n) are weight vectors with β p ≥ 0 and ∑ n p=1 β p = 1 and pth biggest weighted value is C θ ω(p) consequently by total order C θ ω (1) 
Proof. The procedure is similar to Theorem 5.
Properties:
The PFDOWG operator satisfies some properties that are listed below;
(1) Idempotency: For any collection of PFNs, N θ p (ε) (p = 1, 2, . .., n) are identical, which is PFDOWG (C 1 , C 2 , . .., C n ) = C.
Definition 22. For any collection of PFNs
The structure of Pythagorean fuzzy Dombi hybrid weighted geometric (PFDHWG) operator is
Theorem 7. For any collection of PFNs
.., n) in E. Then, the structure of Pythagorean fuzzy Dombi hybrid weighted geometric (PFDHWG) operator is defined using Dombi operations with σ > 0;
Properties:
The PFDHWG operator satisfies some properties that are listed below;
Algorithm for Multi-Attribute Decision-Making Using Pythagorean Fuzzy Information
In this section, a novel approach for decision problems using Pythagorean fuzzy information is proposed. In this approach, the decision makers give the information in the form of Pythagorean fuzzy sets.
Let H = (h 1 , h 2 , ..., h m ) be a distinct set of m probable alternatives and c = ( c 1 , c 2 , ..., c n ) be a finite set of n criteria, where h i indicates the ith alternatives and c j indicates the jth criteria. Let Step 1: In this step, we get the collective Pythagorean information and using proposed Dombi operators to evolute the alternative preference values with associated weights, which are ω = (ω 1 , ω 2 , ..., ω n ) with ω p ≥ 0, Σ n p=1 ω p = 1.
Step 2: We find the score value S(C p ) and the accuracy value A(C p ) of the cumulative overall preference value h i (i = 1, 2, ..., m).
Step 3: By the definition, rank the alternatives h i (i = 1, 2, ..., m) and choose the best alternative which has the maximum score value.
Numerical Example
Assume that a fund manager Mr. M in a wealth management firm is assessing five potential investment opportunities 1 In this problem, all the entries are benefit type. Therefore, we do not normalize the decision matrix.
(Case:1)
Step 1: Now, we use PFDWG to evolute collective performance with weight vectors β = (0.15, 0.25, 0.35, 0.10, 0.15) T and σ = 1 as follows in Table 2 : Steps 2 and 3: Now, we find the score value of each alternative and their ranking as shown in Table 3 . Table 3 . Ranking using PFDWG operator. Step 1: Now, we use PFDWA to evolute collective performance with weight vectors β = (0.15, 0.25, 0.35, 0.10, 0.15) T and σ = 1 as follows in Table 4 : Steps 2 and 3: Now, we find the score value of each alternative and their ranking as follows:
Looking at the illustration above, it is evident that, though overall ranking values of the alternatives are dissimilar, due to the usage of two Dombi aggregation operators, the ranking order regarding the alternatives are analogous, and the most desirable alternative is 2 in order to analyze the consequence of parameter σ ∈ [1, 10] on the ranking of the alternatives in the PFDWG and PFDWA operators, which are exposed in Tables 3 and 5 . 
Analyzing the Consequence of Parameter σ on Decision-Making Results
To describe the effect of the parameters σ on multi attribute decision-making outcomes, we have utilized dissimilar values of σ to rank the alternatives. The results of score function and ranking order of the alternatives H i (i = 1, 2, 3, 4, 5) in the range of 1 ≤ σ ≤ 10 based on PFDWG and PFDWA operators are presented in Tables 3 and 5 correspondingly. When σ ∈ [1, 10] using an PFDWG aggregation operator, we obtained a rank of alternatives as 2 > 3 > 4 > 5 > 1 ; here, 2 is the best choice, but, when using a PFDWA aggregation operator, we obtained two different ranks. When σ = 1, we obtained 2 > 1 > 5 > 4 > 3 and when σ ∈ [2, 10] , we get 1 > 5 > 4 > 3 > 2 . Hence, the overall best rank is 2 .
To these MADM problems based on PFDWG and PFDWA operators, we realize that the different values of parameters σ can change corresponding ranking orders of the alternatives for PFDWA operator, which is more reactive to σ in this MADM procedure, even though for numerous values of the parameters σ might be reformed making arrangements corresponding to PFDWG operators, which is less responsive to σ in this multi-attribute decision-making (MADM) procedure.
Comparison Analysis
This section deals with comparison analysis of the proposed Dombi aggregation operators under Pythagorean fuzzy numbers with other well known aggregation operators. We compared this proposed Dombi aggregation Operators with O-PFWA [3] , O-PFPWA [3] , PFWA [8] , PFOWA [8] , SPFWA [24] , PFEWA [23] , PFEOWA [23] , CPFWA [25] , L-PFWA [26] , and L-PFOWA [26, 27] . Their results are summarized as follows. From the above comparative analysis table, we say that our proposed Dombi Pythagorean fuzzy aggregation operators are more effective and reliable than previous aggregation operators.
Conclusions
In this paper, we have proposed novel aggregation operators, namely, Dombi weighted average/geometric, ordered weighted average/geometric and Dombi hybrid weighted average/geometric for Pythagorean fuzzy numbers. In addition, we gave the comparison of proposed and existing aggregation operators and discussed how our proposed technique is more effective than other existing operators for aggregation. Finally, we provided an approach to deal with the decision problems using the proposed Dombi operators. A numerical example shows how our proposed technique helped us with being effective in decision-making problems. 
